Abstract: This research develops an integrated single-vendor single-buyer inventory model considering imperfect production process and investment to reduce lead time variance. In the model, we consider a system where the buyer's lead time is uncertain and follows a normal distribution. Inspection process is performed by the buyer to classify the defective items in each lot delivered from the vendor. The defective items that were found by the buyer will be returned to the vendor at the next delivery. The shortages are allowed and assumed to be fully backordered. The objective function of the model is to minimize the expected joint total cost of the system by simultaneously determining the optimal shipment lot size, optimal safety factor, optimal target variance reduction of lead time and optimal number of shipments. Further, a numerical example is provided to illustrate the application of the proposed model. Based on the results, we understand that by applying the investment ABOUT THE AUTHORS Wakhid Ahmad Jauhari is currently a lecturer in Universitas Sebelas Maret. He obtained bachelor and master degrees, both in industrial engineering, from Sepuluh Nopember Institute of Technology (ITS) in Surabaya, Indonesia. His research interests include modelling inventory, supply chain management and manufacturing design.
PUBLIC INTEREST STATEMENT
The proposed study is interesting for researchers or practitioners working in inventory system. The model can help decision makers to manage inventories across supply chain efficiently by deciding the optimum quantity order, safety factor, number of deliveries and lead time variance. The supply chain system considered in this paper involves single vendor and single buyer. The vendor produces lots of items and delivers them to buyer equally. The vendor's production system is imperfect; hence, it produces some defective items. The buyer faces stochastic demand and manages inventory using continuous review policy. Investment model formulated with logarithmic function is proposed to reduce lead time variance. Two models are developed and solved using an iterative procedure. The results show that by allowing the vendor to invest amount of money to reduce lead time variance, some benefits can be realized, including the reduction of joint total cost. policy to reduce lead time variance, the system may improve its service level at a lower cost. Thus, we conclude that the investment policy is proved to give better outcomes to the system.
Introduction
As an integral part of the most businesses and industries, supply chain management has been broadly known as one essential key to company success. Companies should undergo a careful planning and design in order to perform an effective and successful supply chain to fulfil customer expectations at a manageable cost (Bala, 2014) . Through an effective supply chain policies, companies can recognize significant benefits including reduced inventories and its related costs. Several inventory-related costs such as capital cost, investment to reduce setup costs, holding cost at the manufacturer, wholesaler and also the retailer can be significantly decreased by a good inventory management (Simchi-Levi, Kaminsky, & Simchi-Levi, 2008) . This reality makes us aware that profits of all parties in the supply chain can be increased by improving the inventory management. Hamontree, Ouelhadj and Beullens (2012) mentioned that inventory has a major contribution to the overall logistics costs. The individual decisions in reducing inventory costs do not lead to an optimal solution. Therefore, the coordination of central decisions along the supply chain is one method to obtain the best solution in inventory management. Since vendor-buyer system expects an increase in their mutual profit at a minimum total cost, they are trying to implement a strategy by coordinating and sharing information to achieve their common goals. Whereas in this case, the vendor acts as a manufacturer while the buyer is the one who buys the product from the vendor and distributes the product to the end customers.
The first researcher to discuss inventory management with supply chain coordination was Goyal (1976) . He introduced a vendor-buyer inventory model with unlimited production rate and adopted a lot-for-lot policy to deliver products from the vendor to the buyer. Banarjee (1986) developed a limited vendor-buyer inventory model and takes the appropriate price-adjustment approach to minimize joint total cost between those parties. Furthermore, there are several developments in the related field of research with various considerations, including Goyal (1988) , Hoque (2011) and Sajadieh and Larsen (2015) .
The general assumption in the vendor-buyer-integrated inventory model is that all items are always produced in good quality. However, this assumption cannot be justified since the real condition of a production process is not perfect and produces an amount of items that are defective (deteriorate). Porteus (1986) was the first researcher to include imperfect production process in an economic order quantity model. Several researchers recommended a quality improvement policy to reduce the out of control probability of the production. Lee and Park (1991) developed an economic production quantity model considering the cost of rework and warranty for the defective items in a production process. Meanwhile, Jauhari (2014a) developed inventory models with imperfect production process and stochastic demand by taking into consideration variable lead time, shortage and investment efforts to reduce the out of control probability. Jauhari (2014b) also developed a vendor-buyer inventory model considering deterministic demand and defective rate that follow uniform distribution. Inventory models with imperfect production process were also developed by Lin (2010a) , Lin (2010b) , Sana (2010) and Dey and Giri (2014) .
In the supply chain management, lead time is an important issue to measure the chain performance along with product quality and cost. Mostly in the field of supply chain inventory model, lead time is considered to be constant or deterministic, whereas in the real case, lead time is stochastic in nature. The existence of lead time in either production, setup, or delivery has one critical importance in both production and product distribution processes. The smaller the lead time variance in the supply chain, the better the process. When the variance of the lead time is high, it will increase the uncertainties of the system. Chaharsooghi and Heydari (2010) confirmed in their study that high variance in lead time is much more dangerous than the length (mean) of lead time.
One model considers that the lead time reduction is developed by Paknejad, Nasri and Affisco (1992) . The study is inspired by how Japanese manufacturing companies reduce lead time uncertainty to establish good relationships with suppliers. They proposed an investment model to reduce the stochastic lead times. Hayya, Harrison and He (2011) classified lead time reduction into two components, i.e. reduction of mean lead time and reduction of lead time variance with exponential distribution. Meanwhile, Nasri, Paknejad and Affisco (2008) developed a single-echelon inventory model considering the existence of defective items and investment to reduce lead time. Lo (2013) developed inventory models considering an imperfect production process and reduction of lead time and setup costs. In the study, shortage during lead time is assumed to be partial backorder. Lin (2016) developed a vendor-buyer integrated inventory model to include shortage, stochastic lead time and investment effort to reduce lead time. In the model, Lin (2016) used exponential lead time and assumed that reducing the mean lead time will automatically reduce the lead time variance.
Investigations related to lead time reduction in the field of inventory modelling have been done by many researchers to focus only on mean lead time, whereas research in inventory model that examines the lead time variance reduction is still rare. Therefore, this research develops an inventory model with lead time variance reduction investment by adopting the basic model of Ganeshan, Kulkarni and Boone (2001) in which a quality improvement model was developed with a variance reduction investment to minimize Taguchi's quality loss. The investment will reduce the value of current product variance to achieve variance reduction target. We adopt these concept developed by Ganeshan et al. (2001) and adjust it to the proposed model in which we examine a vendor-buyer inventory system with continuous review policy. We consider the existence of shortage and imperfect production process and include an investment to reduce the variance of normally distributed lead time.
The rest of this paper is organized as follows. The mathematical model development is described in Section 2. Section 3 presents the procedure to obtain optimal solution of the model. Section 4 discusses the sensitivity analysis of the model due to the several parameter uncertainties. Finally, Section 6 gives conclusion of the study.
Model development

System description
The material flow of the investigated vendor-buyer system is depicted in Figure 1 . In the system, for each cycle of production process, the buyer orders a number of DT units to meet the end customer's demand and the vendor produces a number of nDT at the rate of production, P. The annual production rate, P, is assumed to be fixed and greater than the demand (P > D). After the vendor is finished producing a number of DT units in the first batch, the vendor will deliver the products to the buyer and will be shipped n times per batch. In the system, the vendor will pay for the production setup cost, K, while the buyer bears the ordering cost, A, and the delivery cost, V.
In the proposed inventory model, the production process performed by the vendor is not running perfectly. This will end up in a number of defective items received by the buyer. The buyer performs an inspection activity to classify whether the product is defective or not, with a cost of s $/unit and inspection rate of x unit/year. The portion of defective items, γ, is assumed to be deterministic. All products classified as defects will then be stored in the warehouse until the inspection process is completed. Those defective items will subsequently be returned to the vendor on the next shipment. Consequently, the buyer bears the cost to hold an amount of γDT units of defective items, with a holding cost of h B $/unit/year. However, the buyer will eventually get a warranty refund from the vendor of w $/unit, by the existence of the defective products.
This model allows for shortages with full backorder policy. The buyer will incur a cost of π per unit backorder. In this case, the safety factor (k) is required as the standard deviation number of the mean corresponding to the desired service level. Safety factors are usually determined by the management. For example, k = 95% has the probability of 0.05 (α = 5%) that the number of orders at the time of lead time is higher than the safety stock. According to the standard normal distribution table Z, the value of α = 0.05 has the cumulative probability of Z = 1.65. The notation f s (k) denotes the probability value of each occurrence of X, while F s (k) is the cumulative distribution function expressing probability in the event interval of (−∞, x).
Here, we also consider an investment to reduce the lead time variance as adopted from Ganeshan et al. (2001) . The current lead time variance (σ 2 0 ) represents the variance during the production process, while the minimum lead time variance is the resulting variance based on the best capability of the production process. The investment aims to reduce the value of the current lead time variance (σ 2 0 ) into the target variance (σ 2 ðIÞ), where the reduction value depends on the amount of investment. The greater the amount of investment, the greater the variance reduction will be. The coefficient of lead time variance reduction, b, is the function coefficient of the magnitude of reduction in variance for a certain amount of investment. We use the fractional cost of variance reduction, θ, in the calculation of the investment cost, I.
Mathematical model formulation
This paper develops an integrated inventory model of a single-vendor single-buyer system considering an imperfect production and shortage as full backordering. We include an investment for lead time variance reduction in which the function of variance reduction to the amount of investment is adopted from Ganeshan et al. (2001) . The objective of the proposed model is to minimize the annual joint total cost between the vendor and the buyer by determining several decision variables as follow:
q*: optimal shipment lot size (unit/shipment) n*: number of shipments (/year) k* : safety factor σ 2 ðIÞ: lead time variance reduction target
We assume that the demand is deterministic, while the lead time is normally distributed with mean = μ and variance = σ The parameters used in the proposed model are expressed by the following notations.
Here are several assumptions used in the model:
(a) Production rate is always greater than the demand rate (P > D). Ganeshan et al., 2001 ).
(f) In each lot delivered to the buyer, there is always a portion of defective items with a probability of γ that follows a normal distribution.
We develop two scenarios in this study. Scenario I is the scenario without investment, and Scenario II is the one with investment. The results from both scenarios are then compared one to another in order to find out which one gives better outcome to the system. Inventory profiles for the vendor and the buyer are depicted in Figure 2. 
Without investment
For Scenario I, the inventory cost related to the vendor (TCV I ) consists of holding cost (HC V ), production cost (PC V ), production set-up cost (SC V ) and warranty cost (WC V ). The annual vendor holding cost (HC V ) can be calculated as
Figure 2. On-hand stock level at vendor and buyer inventory (n = 5).
Vendor production cost (PC V ) includes fixed cost and variable cost of production. The function of PC V is formulated as follows:
Vendor setup cost (SC V ) is incurred at the beginning of each cycle of production process. The function of SC V is formulated as follows:
Vendor warranty cost (WC V ) is given from the vendor to the buyer as a consequence of the defective products. The function of WC V is given as follows:
Thus, the function of TC V for Scenario I is given as
For the buyer side, the inventory cost for Scenario I includes holding cost (HC B ), ordering cost (OC B ), delivery cost (DC B ), inspection cost (IC B ) and cost of backorder (BC B ). The annual buyer holding cost (HC B ) for Scenario I can be calculated as
Buyer ordering cost (OC B ) is incurred for each order made by the buyer to the vendor. The function of OC B is formulated as follows:
Delivery cost (DC B ) is the cost of transportation, incurred to the buyer, for every shipment made by the vendor. The function of DC B is given by the equation below:
Inspection cost (IC B ) is the buyer cost to inspect each lot delivered by the vendor, since there may be defective items in it. The amount of IC B is given below:
The existence of lead time uncertainty in the system causes the possibility of the buyer to experience shortages. When there is a shortage of inventory, the buyer gives it as a backorder in which demand must be met in the next period with additional costs known as backordering cost. For Scenario I, the amount of buyer backordering cost (BC B ) can be calculated as
F s (k) is the cumulative distribution function for k and f s (k) is the probability density function for k following the standard normal distribution with μ = 0 and σ = 1.
Accordingly, the function of TCB I for Scenario I is given as
For Scenario I, the expected joint total inventory cost (EJTC I (q, n, k)) for the system is then formulated as
With Investment
In Scenario II, TCV II consists of HC V , PC V , SC V , WC V and investment cost to reduce lead time variance (IC V ). The functions of HC V , PC V , SC V and WC V have already been given by Equation (1), (2), (3) and (4), respectively, whereas the function of IC V is formulated as follows:
The above investment function is different from the formulations used by previous researchers (Paknejad et al., 1992; Nasri et al., 2008; Lin, 2016) . The proposed formulation considers a minimum lead time variance as one of parameters needed to calculate the investment, while in the previous published papers, the researchers neglected a minimum lead time variance parameter and assumed that its value is always 0. In practice, however, reducing the lead time variance to be 0 would be too difficult since there are some unpredictable conditions in delivery process, production activity, material handling etc. So, here, we propose a model which gives an opportunity to decision makers to determine the minimum lead time variance based on their best process performance.
Therefore, the function of TCV II becomes
Buyer total inventory cost for Scenario II (TCB II ) is similar to Scenario I except the formulation of HC B and BC B due to investment in the vendor. The function of HC B and BC B is calculated by Equations (16) and (17), respectively.
Finally, the expected joint total inventory cost (EJTC II (q, n, k, σ 2 I ð Þ)) for Scenario II is formulated as
Solution procedure
The proposed models aim to minimize the expected joint total cost (EJTC) and determine the optimal value of q, k and σ 2 (I). Beforehand, let us present the properties of the proposed models, in particular the expected joint total cost functions (EJTC) for both Scenario I and II.
Property 1: For fixed k, the function of EJTC I (q, k) is convex in q Proof: Taking the second partial derivation of EJTC I (q, k) in Equation (13) w.r.t. q, we get
Property 2: For fixed k, the function of EJTC II (q, k,σ I ð Þ) is convex in q Proof: Taking the second partial derivative of EJTC II (q, k, σ I ð Þ) in Equation (18) w.r.t. q, we get
Property 3: For fixed q, the function of EJTC I (q, k) is convex in k Proof: Taking the second partial derivative of EJTC I (q, k) in Equation (13) w.r.t. k, we get
Property 4: For fixed q, the function of EJTC II (q, k,σ I ð Þ) is convex in k Proof: Taking the second partial derivative of EJTC II (q, k, σ I ð Þ) in Equation (18) w.r.t. k, we get
The optimal value of q*, k* and σ*(I) for Scenario I and II can be found by setting the first partial derivation of EJTC w.r.t q, k and σ I ð Þ, set the results equal to 0 and solve the equations, respectively. Accordingly, we obtain the formula of q*, k* and σ*(I) for Scenario I and II as follows:
Here, we also develop a set of procedure, for both Scenario I and II, to find the optimal solution of the problems. The algorithm is presented below:
Step 0. Set n = 1 and EJTC j q nÀ1 ;k nÀ1 ;σ 2 I ð Þ nÀ1 ; n À 1 À Á ¼ 1 Step 1. Start with shipment size
Step 2. Start with σ 2 ðIÞ n ¼ σ 2 0 .
Step 3. Substitute q n from step 1 into k n (in Equation (25) for Scenario I, and in Equation (27) for Scenario II).
Step 4. Using the value of k n generated from Step 3, compute the value of σ 2 I ð Þ n in Equation (28) (only for Scenario II, skip this step for Scenario I).
Step 5. Using the value of k n and σ 2 I ð Þ n obtained from Step 3 and 4, find the value of q n (in Equation (24) for Scenario I, and in Equation (26) for Scenario II).
Step 6. Repeat steps 1-5 until no change occurs in the values of q n , k n and σ 2 I ð Þ n .
Step 7. Calculate EJTC(q n , σ 2 (I) n , k n , n) using Equation (13) for Scenario I and Equation (18) for
, then repeat steps 1-7 with n = n + 1. Otherwise go to step 9.
Step 9. Set EJTC(q*, σ 2 (I)*, k*, n*) = EJTC(q nÀ1 , σ 2 I ð Þ nÀ1 , k nÀ1 , n À 1), and q* = q nÀ1 , σ 2 (I)* = σ 2 I ð Þ nÀ1 , k* = k nÀ1 and n* = (n À 1).
Numerical example
In this section, we provide a numerical example for each parameter to illustrate the application of the proposed model. The following data were taken from the previous studies (Ganeshan et al., 2001; : 
Hence, the expectation value for the defective items can be calculated as follows:
Applying the solution procedure presented in the previous section, we generate the optimization result for Scenario I and II as summarized in Table 1 .
Based on Table 1 , the optimal solutions for the given problem that minimize the expected joint total cost for Scenario I, when the vendor does not make any investment, are Table 1 ), we realize that Scenario II actually provides a set of solutions with less cost rather than Scenario I. In addition, the safety factor, k, of Scenario II is better than Scenario I. Therefore, decision to invest some money to reduce the lead time variance is proved to give better outcomes to the vendor-buyer system. The next section will discuss about the model's sensitivity analysis by investigating the behaviour of the model in the presence of changes from a set of parameters.
Sensitivity analysis
Sensitivity analysis is done by changing the value of several input parameters and observe its effects on the model optimal solution. Several parameters to be discussed include the upper limit of the probability defective function (δ), the opportunity cost fraction (θ), the coefficient of variance reduction (b) and the annual demand rate (D).
Effects of δ on model's optimal solution
Inventory model developed in this study considers an imperfect production process resulting in a certain amount of defective items. As described previously, in each lot shipped from the vendor to the buyer, there are a number of defective items with a probability of γ and a probability density function of f γ ð Þ ¼ 1 δ , with δ is the upper limit of the probability density function f(γ). In this case, the value of δ has a direct relation to the number of defective products produced by the system. The higher the value of δ, the more defective product will be produced, and vice versa. In this section, we provide a brief analysis of the effects from the changes in δ on the model's optimal solution for both Scenario I and II, summarized in Tables 2 and 3 , respectively.
Based on the result in Tables 2 and 3 , we observe that the change in the δ affects the model's optimal solution, including q* and k*. As δ remains increased, the optimal shipment lot size is getting larger, as well as the service level k that slightly increases. Therefore, if the system experiences a deterioration in production process capability, where the number of defective items increases up to δ = 0.2, the system should increase the lot size of each shipment rather than to change the number of shipment. However, this result applies for cases that holding cost is lower than ordering cost; hence, the system will prefer to hold the products in large quantities for longer period of time, rather than to order/deliver too frequent. The expected joint total cost to be incurred by both parties continue to rise as the value δ increases. Increasing cost for the vendor and the buyer resulted in an increase in EJTC, for both Scenario I and II.
Effects of θ on model's optimal solution
In performing lead time variance reduction, the vendor will be incurred a fractional cost of θ of the capital investment per unit time. In this section, we provide a simple analysis to investigate the effect of higher θ on the investment decision to be made by the vendor. The result of sensitivity analysis of change of value θ to model's optimal solution is summarized in Table 4 . et al., Cogent Engineering (2018 ), 5: 1531455 https://doi.org/10.1080 /23311916.2018 As θ increases, the value of σ 2 (I) will also increase (see Figure 3) . In this case, higher value of σ 2 (I) indicates the system has worse lead time variance. The higher the fractional cost of θ causes the investment cost required to reduce the lead time variance becomes greater. Therefore, for the same amount of investment, the system will obtain a smaller reduction of lead time variance. On the other hand, an increase in the value of θ changes the decision regarding the shipment lot size and the service level offered by the company. The higher value of θ causes the optimal lot size to be larger, and the optimal service level to be lower. The expected joint total cost for the vendorbuyer system increases along with the increase in the value of θ.
Effects of b on model's optimal solution
Parameter b refers to the coefficient of reduction for the function of I(σ 2 ). In this section, we observe the effects that parameter b gives to the model's optimal solution regarding the investment decision σ 2 (I). Table 5 presents the result from different values of b on the model's optimal solution.
As b increases, the value of σ 2 (I) will slightly decrease. Yet, it does not change the optimal solution of q, k and n. For higher value of b, the system will experience a slight decrease in EJTC from the side of the vendor. Therefore, we conclude that different value of b will not affect the solution of the model significantly. 
Effects of d on model's optimal solution
This study considers a deterministic demand with a known and constant rate per year. In order to help the decision maker to deal with demand uncertainties in real case, we provide a simple sensitivity analysis regarding changes in demand and observe the behaviour of the model's optimal solution of such changes. Tables 6 and 7 sum up the result from different values of D on the model's optimal solution for Scenario I and II, respectively.
For both Scenario I and II, the increase in demand will eventually change the optimal solution of shipment lot size (q*), safety factor (k*) and number of shipments (n*). When the annual demand increases, shipment lot size and number of shipment will also increase. This result has implication on the holding cost, ordering cost as well as delivery cost per year. Therefore, an increase in demand will lead to an increase in the expected joint total cost per year of the vendor-buyer system. On the other hand, an increase in demand will cause the optimal safety factor k to decrease. Higher demand, at the same production rate, will reduce the system's ability to meet the demand, which causes the optimal value of k to be decreased. However, the changes in D do not affect the decision regarding the optimal lead time variance reduction. For any number of demand each year, the optimal decision related to the lead time variance reduction will remain the same. Hence, we understand that uncertainties in demand will only affect decisions of q, n and k and do not change the decision regarding σ 2 (I).
Conclusions
This research develops an integrated inventory model for a system of single-vendor single-buyer considering imperfect production process and investment for lead time variance reduction. The objective of this study is to minimize the expected joint total cost between the vendor and buyer. Several decision variables are included in the model, namely lot size, safety factor, target lead time variance and number of shipments from the vendor to the buyer. We propose an iterative procedure to solve the optimization problem. However, the result only ensures a local optimal solution and has not been able to guarantee a global optimal solution.
The results of this study show that the investment to reduce lead time variance will improve the system in terms of its ability to meet the demand and expected joint total cost per year. Thus, we conclude that investment policy is proved to give better outcomes to the system. We conduct a simple sensitivity analysis to study the effect of parameter changes on model's optimal solution. Based on the results, we understand that an increase in the defective items proportion will significantly escalate the expected joint total cost of the system, whereas fractional cost of investment and coefficient of investment actually affect decisions related to lead time variance reduction and total expected total cost of the vendor-buyer system. Variation in demand 7,450.30 $3,943.20 $11,393.00 influences the optimal shipment lot size, number of shipment, as well as safety factor. However, changes in demand do not change the optimal decision regarding lead time variance reduction.
The model proposed in this paper has several limitations that should be addressed in future studies. In our model, there is an assumption that vendor's money is always available and sufficient to conduct the investment to reduce lead time variance. In practice, however, the money owned by the vendor to support the lead time investment may be limited. To accommodate this condition, the next model can be extended by considering the budget limitation. Later, the proposed model considers a simple supply chain system consisting of a vendor and a buyer. In reality, the structure of supply chain would be more complex. The supply chain may consist of vendor and multi-buyer. By assuming that the buyers have a willingness to support the vendor's investment, the model can be further developed to determine the optimal distribution of buyer's donation/payment. The extension of the study can also be done by investigating an inspection process. The proposed model assumes that the inspection process conducted by the buyer is perfect. The inspection process may be influenced by human error. The inspector may classify the good items as defective or classify the defective items as non-defective. Thus, incorporating both imperfect inspection and imperfect quality to vendor-buyer model would be more realistic for industrial setting.
